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ON GAUSS PERIODS
XIANG-DONG HOU
Abstract. Let q be a prime power, and let r = nk + 1 be a prime such that
r ∤ q, where n and k are positive integers. Under a simple condition on q, r
and k, a Gauss period of type (n, k) is a normal element of Fqn over Fq; the
complexity of the resulting normal basis of Fqn over Fq is denoted by C(n, k; q).
Recent works determined C(n, k; q) for k ≤ 7 and all qualified n and q. In this
paper, we show that for any given k > 0, C(n, k; q) is given by an explicit
formula except for finitely many primes r = nk+1 and the exceptional primes
are easily determined. Moreover, we describe an algorithm that allows one
to compute C(n, k; q) for the exceptional primes r = nk + 1. The numerical
results of the paper cover C(n, k; q) for k ≤ 20 and all qualified n and q.
1. Introduction and Preliminaries
We briefly recall the existing results on Gauss periods, some of which are quite
recent.
Let q be a prime power, and let r = nk + 1 be a prime such that r ∤ q, where n
and k are positive integers. Since k | r − 1, there is a unique cyclic subgroup K of
Z∗r with |K| = k. Since q
nk − 1 = qr − 1 ≡ 0 (mod r), there exists γ ∈ F∗qnk such
that o(γ) = r. Let
(1.1) αi =
∑
a∈K
γq
ia, 0 ≤ i ≤ n− 1,
which are called Gauss periods of type (n, k) over Fq. Note that αi = α
qi
0 . Since
(qn)k ≡ 1 (mod r), we have qn ∈ K. Therefore
αq
n
i =
∑
a∈K
γq
iqna =
∑
a∈K
γq
ia = αi,
and hence αi ∈ Fqn .
A necessary condition for α0, . . . , αn−1 to form a normal basis of Fqn over Fq
is that these elements be distinct. This condition requires qiK, 0 ≤ i ≤ n − 1,
to be distinct cosets of K in Z∗r , i.e., 〈q,K〉 = Z
∗
r , which happens if and only if
gcd(nk/e, n) = 1, where e = e(q, r) is the order of q in Z∗r .
On the other hand, if 〈q,K〉 = Z∗r , then α0, . . . , αn−1 indeed form a normal basis
of Fqn over Fq; the reason is the following [4, 13]. Assume that
∑n−1
i=0 ciαi = 0,
where ci ∈ Fq, i.e.,
n−1∑
i=0
∑
a∈qiK
ciγ
a = 0.
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Treat each a ∈ Z∗r as an interger in {1, . . . , r − 1}, and let
f(X) =
n−1∑
i=0
∑
a∈qiK
ciX
a ∈ Fq[X ].
For each m ∈ Z∗r , we have m = q
ja0 for some 0 ≤ j ≤ n− 1 and a0 ∈ K. Thus
f(γm) =
n−1∑
i=0
∑
a∈qiK
ciγ
qja0a =
(n−1∑
i=0
∑
a∈qiK
ciγ
a
)qj
= f(γ)q
j
= 0.
Also note that f(0) = 0. Therefore f(x) = 0 for all x ∈ {0}∪〈γ〉. Since deg f ≤ r−1,
we must have f = 0, i.e., ci = 0 for all 0 ≤ i ≤ n− 1.
From now one, we assume that 〈q,K〉 = Z∗r and hence α0, . . . , αn−1 form a
normal basis of Fqn over Fq. To avoid triviality, we also assume that n > 1, so nk
is even. For 0 ≤ i ≤ n− 1,
α0αi =
∑
a,b∈K
γa+q
ib =
∑
a,b∈K
γa(1+q
ib)
= k|{−q−i} ∩K|+
n−1∑
j=0
αj |(1 + q
iK) ∩ qjK|.(1.2)
In the above,
(1.3) tij = |(1 + q
iK) ∩ qjK|, 0 ≤ i, j ≤ n− 1,
are called the cyclotomic numbers. Note that
q−i ∈ −K ⇔
{
q−i ∈ K ⇔ i = 0 if k is even,
q−2i ∈ K but q−i /∈ K ⇔ i = n/2 if k is odd.
Hence |{−q−i} ∩K| = δi, where
(1.4) δi =
{
1 if k is even and i = 0, or k is odd and i = n/2,
0 otherwise.
Now (1.2) becomes
(1.5) α0αi = kδi +
n−1∑
j=0
tijαj =
n−1∑
j=0
(tij − kδi)αj , 0 ≤ i ≤ n− 1.
(The last step in the above follows from the fact that
∑n−1
j=0 αj =
∑
a∈Z∗r
γa = −1.)
Let p = charFq and let
(1.6) C(n, k; q) =
∣∣{(i, j) : 0 ≤ i, j ≤ n− 1, tij − kδi 6≡ 0 (mod p)}∣∣,
which is the number of nonero entries of the matrix (tij − kδi)0≤i,j≤n−1 over Fp
and is called the complexity of the normal basis α0, . . . , αn−1 of Fqn over Fq. Nor-
mal bases with low complexity are sought as they provide effective algorithms for
multiplication and exponentiation in finite fields [5].
Equation (1.6) involves two primes: p = charFq and r = nk + 1. The prime p
only plays a superficial role since the cyclotomic numbers tij depend only on r and
k.
The values of C(n, k; q) were first determined in [10] for k = 1 and for k = 2 with
an even q. (The case k = 2 with an arbitrary q is covered by a recent result of [8].)
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A more careful investigation of the cyclotomic numbers tij in [3] produced explicit
formulas for C(n, k; q) with 3 ≤ k ≤ 6 and n ≥ 3. More recently, the following
general result was proved in [8]:
Theorem 1.1 ([8, Theorem 1.7]). Assume that tij ≤ 2 for all 0 ≤ i, j ≤ n− 1.
(i) If k is even,
C(n, k; q) =


nk − k2 + 3k − 3 if p = 2,
nk −
1
2
k2 +
3
2
k − 2 if p > 2 and k ≡ 0 (mod p),
n(k + 1)−
1
2
k2 + k − 3 if p > 2 and k ≡ 1 (mod p),
n(k + 1)−
1
2
k2 +
1
2
k − 1 if p > 2 and k ≡ 2 (mod p),
n(k + 1)−
1
2
k2 + k − 2 if p > 2 and k 6≡ 0, 1, 2 (mod p).
(ii) If k is odd,
C(n, k; q) =


n(k + 1)− k2 + k − 1 if p = 2,
nk −
1
2
k2 +
3
2
k − 2 if p > 2 and k ≡ 0 (mod p),
n(k + 1)−
1
2
k2 −
1
2
k if p > 2 and k ≡ 1 (mod p),
n(k + 1)−
1
2
k2 +
1
2
k − 1 if p > 2 and k 6≡ 0, 1 (mod p).
It is claimed in [8] that for k = 7, the only exceptional case not covered by
Theorem 1.1 is n = 4 (r = 29). We will see that for k = 7, [8] missed another
exceptional case (n = 6, r = 43); for k = 6, [3] also missed an exceptional case
(n = 3, r = 19).
The main contribution of the present paper is the following: For each given
k ≥ 1, we show that except for finitely many primes r, which we shall call ex-
ceptional primes, the condition tij ≤ 2 (0 ≤ i, j ≤ n − 1) is satisfied and hence
C(n, k; q) is given by Theorem 1.1. The exceptional primes are easily determined
using resultants in characteristic 0. Moreover, for each exceptional prime r, we de-
scribe an algorithm for computing the value distribution of the cyclotomic numbers,
which then gives C(n, k; q). The combined message is that for any given k (not too
big), C(n, k; q) can be determined for all qualified n and q. We demonstrate the
computational results of C(n, k; q) for k ≤ 20.
Section 2 contains a review and a further discussion of the cyclotomic numbers.
In Section 3 we prove that for each given k, there are only finitely many exceptional
primes r, and we explain where these exceptional primes come from and how to
find them. In Section 4 we describe an algorithm that allows one to compute
C(n, k; q) for a given k, an exceptional prime r = nk + 1, and all qualified q. The
computational results of C(n, k; q) for k ≤ 20 are included. We also give a theoretic
explanation for the computational results with n = 2.
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2. Cyclotomic Numbers
Cyclotomic numbers have been studied in terms of Jacobi sums by many authors;
see for example [1, 2, 6, 7, 11, 12, 14]. The focus of the present paper is a little
different. Most (but not all) of the results gathered in this section have appeared,
explicitly or implicitly, in [3, 8].
Recall that n > 1, r = nk + 1 is a prime, K is the unique subgroup of Z∗r of
order k, and 〈q,K〉 = Z∗r . Write Ki = q
iK, 0 ≤ i ≤ n− 1, hence
(2.1) tij = |(1 +Ki) ∩Kj |, 0 ≤ i, j ≤ n− 1.
Lemma 2.1. tij > 0 if and only if there exists x ∈ Zr \{0,−1} such that Ki = xK
and Kj = (1 + x)K.
Proof. (⇐) We have 1 + x ∈ (1 +Ki) ∩Kj , hence tij > 0.
(⇒) Let y ∈ (1 +Ki) ∩Kj and x = y − 1. Then x ∈ Ki and 1 + x ∈ Kj. 
For x, y ∈ Zr \ {0.− 1}, define x ∼ y if and only if xK = yK and (1 + x)K =
(1 + y)K, i.e., x/y ∈ K and (1 + x)/(1 + y) ∈ K. Let [x] denote the ∼ equivalence
class of x. For conveninence, we also define [0] = {0} and [−1] = {−1}.
Lemma 2.2. For each x ∈ Zr,
(2.2) (1 + xK) ∩ (1 + x)K = 1 + [x].
Proof. Let y ∈ Zr. If x 6= 0,−1,
1 + y ∈ (1 + xK) ∩ (1 + x)K ⇔ y ∈ xK and 1 + y ∈ (1 + x)K
⇔ y ∼ x.
If x = 0,
1 + y ∈ (1 + 0K) ∩ (1 + 0)K ⇔ y = 0.
If x = −1,
1 + y ∈ (1−K) ∩ 0K ⇔ y = −1.

Let K = 〈ω〉 and let Sk = {(u, v) ∈ Z2k : u 6= 0, v 6= 0, u 6= v}. Define
(2.3)
S : Sk −→ Z
∗
r \ {−1}
(u, v) 7−→ −
1− ωv
ωu − ωv
.
Lemma 2.3. Let x, y ∈ Z∗r \{−1}. Then x ∼ y but x 6= y if and only if there exists
(u, v) ∈ S−1(x) such that y = S(−u,−v).
Proof. (⇒) Since x ∼ y, we have
(2.4)


y
x
= ωu,
1 + y
1 + x
= ωv,
for some u, v ∈ Zk. Since x, y ∈ {0,−1} and x 6= y, we have u 6= 0, v 6= 0 and
u 6= v. Solving (2.4) gives x = S(u, v) and y = S(−u,−v).
(⇒) (2.4) is satisfied for x = S(u, v) and y = S(−u,−v). Since u 6= 0, y 6= x. 
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Proposition 2.4. Let x ∈ Z∗r \ {−1}. Then
(2.5) |[x]| = 1 + |S−1(x)|.
Proof. By Lemma 2.3,
[x] = {x}
·
∪ {S(−u,−v) : (u, v) ∈ S−1(x)},
where
·
∪ means disjoint union. It remains to show that the mapping
S−1(x) −→ Z∗r \ {−1}
(u, v) 7−→ S(−u,−v)
is one-to-one. Let (u1, v1), (u2, v2) ∈ S−1(x) be such that S(−u1,−v1) = S(−u2,−v2).
Then
ωu1S(u1, v1) = S(−u1,−v1) = S(−u2,−v2) = ω
u2S(u2, v2).
It follows that u1 = u2. Then S(u1, v1) = S(u1, v2), which gives v1 = v2. 
Remark 2.5. It follows from Lemma 2.1, (2.2) and (2.5) that tij ≤ 2 for all
0 ≤ i, j ≤ n− 1 if and only if the mapping S : Sk → Z∗r \ {−1} is one-to-one.
For 0 ≤ i ≤ n− 1 and 0 ≤ τ ≤ k, define
ai(τ) = |{0 ≤ j ≤ n− 1 : tij = τ}|,(2.6)
a(τ) =
n−1∑
i=0
ai(τ).(2.7)
Then
(2.8)
∑
τ
τai(τ) =
∑
j
tij =
∑
j
|(1 +Ki) ∩Kj | = |(1 +Ki) ∩ Z
∗
r | = k − δi
and
(2.9)
∑
τ
τa(τ) = nk − 1.
Let
(2.10) a∗(τ) =
{
a0(τ) if k is even,
an/2(τ) if k is odd.
It follows from (1.6) that
C(n, k; q) =
∑
τ 6≡0 (mod p)
(
a(τ)− a∗(τ)
)
+
∑
τ 6≡k (mod p)
a∗(τ)
= n2 −
∑
τ≡0 (mod p)
(
a(τ) − a∗(τ)
)
−
∑
τ≡k (mod p)
a∗(τ),(2.11)
where p = charFq. Therefore, C(n, k; q) is determined by a(τ) and a∗(τ), 0 ≤ τ ≤
k.
Proposition 2.6. (i) Let 0 ≤ i ≤ n− 1. We have
ai(τ) =
1
τ
∣∣{x ∈ Ki \ {−1} : |S−1(x)| = τ − 1}∣∣, 2 ≤ τ ≤ k,(2.12)
ai(1) = k − δi −
k∑
τ=2
τai(τ),(2.13)
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ai(0) = n−
k∑
τ=1
ai(τ).(2.14)
(ii) We have
a(τ) =
1
τ
∣∣{x ∈ Z∗r \ {−1} : |S−1(x)| = τ − 1}∣∣, 2 ≤ τ ≤ k,(2.15)
a(1) = nk − 1−
k∑
τ=2
τa(τ),(2.16)
a(0) = n2 −
k∑
τ=1
a(τ).(2.17)
Proof. (i) We only have to prove (2.12). ((2.13) follows from (2.8), and (2.14) is
obvious.) Let 2 ≤ τ ≤ k and let
X = {x ∈ Ki \ {−1} : |S
−1(x)| = τ − 1}.
Define
f : X −→ {0 ≤ j ≤ n− 1 : tij = τ}
x 7−→ j, where 1 + x ∈ Kj .
1◦ We claim that f is well defined. Assume that x ∈ X . Since S−1(x) 6= ∅,
x 6= −1, so 1 + x ∈ Kj for some 0 ≤ j ≤ n− 1. Note that
tij = |(1 + xK) ∩ (1 + x)K|
= |[x]| (by (2.2))
= 1 + |S−1(x)| (by (2.5))
= τ.
2◦ We claim that f is onto. Assume that tij = τ . Since τ ≥ 2, by Lemma 2.1,
there exists x ∈ Z∗r \ {−1} such that Ki = xK and Kj = (1 + x)K. Moreover, by
(2.5) and (2.2),
|S−1(x)| = |[x]| − 1 = |((1 + xK) ∩ (1 + x)K| − 1 = tij − 1 = τ − 1.
Hence x ∈ X and f(x) = j.
3◦ Let x ∈ X and j = f(x). We claim that f−1(j) = [x]; since |[x]| = τ , this claim
implies that f is τ -to-1. If x′ ∈ f−1(j), then x′ ∈ Ki and 1 + x′ ∈ Kj = (1 + x)K,
i.e., x′ ∈ [x]. On the other hand, if x′ ∈ [x], then
|S−1(x′)| = |[x′]| − 1 = |[x]| − 1 = τ − 1.
Hence x′ ∈ X . Since 1 + x′ ∈ (1 + x)K = Kj , we have f(x′) = j, i.e., x ∈ f−1(j).
4◦ Equation (2.12) follows from 1◦ – 3◦.
(ii) The equations follow from (i). 
Assume that tij ≤ 2 for all 0 ≤ i, j ≤ n− 1, i.e., S : Sk → Z∗r \ {−1} is one-to-
one. Under this assumption, we are able to determine a(2) and a∗(2) explicitly. By
(2.15),
(2.18) a(2) =
1
2
|Sk| =
1
2
(k − 1)(k − 2).
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We claim that 1 /∈ S(Sk). If, to the contrary, S(u, v) = 1 for some (u, v) ∈ Sk,
then S(u, v) = S(u, v)−1 = S(−u, v − u), where (−u, v − u) ∈ Sk. It follows that
(u, v) = (−u, v − u), which is a contradiction.
(i) Assume that k is even. Then {ω0, ωk/2} = {±1} is disjoint from S(Sk). On
the other hand, for all u ∈ Zk \ {0, k/2}, ωu = S(−2u,−u), where (−2u,−u) ∈ Sk.
Hence
(2.19) a0(2) =
1
2
(k − 2).
(ii) Assume that k is odd. We claim that S(Sk)∩ (−K) = ∅. If, to the contrary,
there exist (u, v) ∈ Sk and l ∈ Zk such that S(u, v) = −ω
l. It follows that
−
1− ωv
ω2v−u − ωv
= ωl+u−v = −
1− ω−(l+u−v)
ω−2(l+u−v) − ω−(l+u−v)
.
In the above, ωl+u−v 6= −1 since k is odd. Thus 2v − u 6= 0 and (2v − u, v) ∈ Sk.
Moreover, l + u − v 6= 0 since otherwise, S(2v − u, v) = 1, which is impossible.
Therefore (−2(l+ u− v),−(l + u− v)) ∈ Sk and
S(2v − u, u) = S(−2(l + u− v),−(l + u− v)).
Then (2v−u, v) = (−2(l+u−v),−(l+u−v)), which forces u = 0, a contradiction.
Therefore the claim is proved. We conclude that
(2.20) an/2(2) = 0.
Remark 2.7. In the above, one can further determine a(τ) and a∗(τ), τ = 0, 1,
using Proposition 2.6. Then C(n, k; q) is given by (2.11), and the result is Theo-
rem 1.1.
3. Exceptional Primes
We follow the notation of Section 2. First note that for (u, v), (u′v′) ∈ Sk,
S(u, v) = S(u′, v′) if and only if f (u,v),(u′v′)(ω) = 0, where
f(u,v),(u′v′) = X
u+v′ −Xu
′+v −Xu +Xu
′
+Xv −Xv
′
= (1−Xu)(1−Xv
′
)− (1 −Xu
′
)(1−Xv) ∈ Z[X ],(3.1)
and ( ) is the reduction from Z[X ] to Zr[X ]. Let Φk ∈ Z[X ] denote the kth
cyclotomic polynomial. Then
Φk =
∏
l∈Z×
k
(X − ωl),
where Z×k is the multiplicative group of Zk.
Lemma 3.1. Let (u, v), (u′, v′) ∈ Sk be such that (u, v) 6= (u′, v′). Then
f(u,v),(u′v′) 6≡ 0 (mod Φk).
Proof. Assume to the contrary that f(u,v),(u′v′) ≡ 0 (mod Φk). Then
(3.2) (ζuk − 1)(ζ
v′
k − 1) = (ζ
u′
k − 1)(ζ
v
k − 1),
8 XIANG-DONG HOU
................................................................................................................................................................................................................................................................................................
...
...
...
...
...
...
...
...
...
...
.
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
..
......
...
...
...
...
...
...
...........
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
................................................................................
..................
.......
.......
.....
........
.......
.......
.......
........
........
.......
.......
.......
........
.......
.......
.......
........
ζuk = e
i2piu/k
πu/k
1
πu/k + π/2
Figure 1. Polar decomposition of ζuk − 1
where ζk = e
2pii/k. We treat u, v, u′, v′ as elements of {1, 2, . . . , k − 1}. The polar
decomposition of ζuk − 1 is
ζuk − 1 = 2 sin
πu
k
· ei(
piu
k
+pi
2
);
see Figure 1. Then (3.2) is equivalent to the following system:
sin
πu
k
sin
πv′
k
= sin
πu′
k
sin
πv
k
,(3.3)
πu
k
+
πv′
k
=
πu′
k
+
πv
k
.(3.4)
By (3.3),
cos
π
k
(u − v′)− cos
π
k
(u+ v′) = cos
π
k
(u′ − v)− cos
π
k
(u′ + v).
Thus by (3.4),
cos
π
k
(u− v′) = cos
π
k
(u′ − v),
i.e.,
(3.5) u− v′ = ±(u′ − v).
Combining (3.4) and (3.5) gives{
u+ v′ = u′ + v,
u− v′ = ±(u′ − v).
It follows that either (u, v) = (u′, v′) or (u, u′) = (v, v′), neither of which is possible.

Let Pk denote the set of primes r > k+1 such that r ≡ 1 (mod k) and S : Sk →
Z∗r \ {−1} is not one-to-one. Recall that the elements of Pk are called exceptional
primes. Moreover, for each m ∈ Z, let Pk(m) be the set of primes divisors r of m
such that r > k + 1 and r ≡ 1 (mod k).
Theorem 3.2. We have
(3.6) Pk = Pk
( ∏
(u,v),(u′,v′)∈Sk
(u,v) 6=(u′,v′)
Res(f(u,v),(u′,v′),Φk)
)
,
where Res(· , ·) is the resultant.
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Remark 3.3. By Lemma 3.1, the product in (3.6) is a nonzero integer. Hence it
follows from (3.6) that |Pk| <∞.
Proof of Theorem 3.2. Let R denote the right side of (3.6).
First assume that r ∈ Pk. Then there exist (u, v), (u
′, v′) ∈ Sk such that (u, v) 6=
(u′, v′) and f (u,v),(u′,v′)(ω) = 0, where ( ) is the reduction from Z[X ] to Zr[X ].
Then
Res(f(u,v),(u′,v′),Φk) = Res(f (u,v),(u′,v′),Φk) = 0,
and hence r ∈ R.
Next assume that r ∈ R. Then there exist (u, v), (u′, v′) ∈ Sk such that (u, v) 6=
(u′, v′) and Res(f (u,v),(u′,v′),Φk) = 0. It follows that f (u,v),(u′,v′)(ω
l) = 0 for some
l ∈ Z×k . Then f (lu,lv),(lu′,lv′)(ω) = 0, where (lu, lv), (lu
′, lv′) ∈ Sk and (lu, lv) 6=
(lu′, lv′). 
Since f(u,v),(u′,v′) = −f(u′,v′),(u,v) = −f(v,u),(v′,u′), for the product in (3.6), we
only have to consider those (u, v), (u′, v′) ∈ Sk such that u ≤ min{v, u′, v′}. More-
over, we may further exclude those (u, v), (u′, v′) with u = u′ or v = v′. In fact, if
say v = v′, then for any prime r ≡ 1 (mod k), f (u,v),(u′,v′)(ω
l) = (ωlu
′
−ωlu)(1−ωlv)
is never 0 for all l ∈ Z×k . Hence
(3.7) Res(f(u,v),(u′,v′),Φk) 6≡ 0 (mod r).
If one prefers a more direct argument for (3.7), observe that
Res(f(u,v),(u′,v′),Φk)
=Res
(
−Xu(Xu
′−u − 1)(Xv − 1),Φk
)
= ±
∏
l∈Z×
k
(ζ
(u′−u)l
k − 1)(ζ
vl
k − 1)
= ± Φk/gcd(k,u′−u)(1)
gcd(k,u′−u)Φk/gcd(k,v)(1)
gcd(k,v)(3.8)
For each integer m > 1, Φm | 1 + X + · · · +Xm−1 and Φm(1) | m. Therefore by
(3.8), Res(f(u,v),(u′,v′),Φk) does not have any prime divisor > k.
We conclude that
(3.9) Pk = Pk
( ∏
(u,v),(u′,v′)∈Sk
v,u′>u, v′≥u, v 6=v′
Res(f(u,v),(u′,v′),Φk)
)
.
When k ≤ 3, |Sk| ≤ 1, so the product in (3.9) is an empty one and hence Pk = ∅.
The sets Pk, 4 ≤ k ≤ 20, are given in Table 1 in the next section.
4. Computation of C(n, k; q) for Exceptional Primes
Algorithm 4.1. Given an integer k > 0 and an exceptional prime r = nk+1 ∈ Pk,
the following steps produce the complexity C(n, k; q).
Step 1. Find ω ∈ Z∗r with o(ω) = k. Compute the multiset S = {S(u, v) : (u, v) ∈
Sk}. Each element of S is an integer in {1, 2, . . . , r − 2}.
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Step 2. Tally the multiset S to determine the multiset M of the multiplicities of
the elements ofS and the multisetM∗ of the multiplicities of the elements
in S that belong to (−1)k〈ω〉. More precisely, if
S =
{
x1, . . . , x1︸ ︷︷ ︸
m1
, . . . , xa, . . . , xa︸ ︷︷ ︸
ma
, . . . , xb, . . . , xb︸ ︷︷ ︸
mb
}
,
where x1, . . . , xb are distinct and {x1, . . . , xb} ∩ (−1)k〈ω〉 = {x1, . . . , xa},
then M = {m1, . . . ,mb} and M∗ = {m1, . . . ,ma}.
Step 3. For each 2 ≤ τ ≤ k, compute
a(τ) =
1
τ
· (the multiplicity of τ − 1 in M),(4.1)
a∗(τ) =
1
τ
· (the multiplicity of τ − 1 in M∗).(4.2)
Also compute
a(1) = nk − 1−
k∑
τ=2
τa(τ), a(0) = n2 −
k∑
τ=1
a(τ),(4.3)
a∗(1) = k − 1−
k∑
τ=2
τa∗(τ), a∗(0) = n−
k∑
τ=1
a∗(τ).(4.4)
Step 4. Compute
(4.5) C(n, k; q) = n2 −
∑
τ≡0 (mod p)
(
a(τ) − a∗(τ)
)
−
∑
τ≡k (mod p)
a∗(τ).
Note. In the above, (4.1) – (4.4) are from Proposition 2.6, and (4.5) is (2.11). The
algorithm works for all primes r = nk+1, but it is not necessary if r /∈ Pk because
of Theorem 1.1.
The above algorithm is applied to 4 ≤ k ≤ 20 and r ∈ Pk. The sequences a(τ)
and a∗(τ) are given in Table 1. Step 4 is easy computation but the results are
too lengthy to be included. Instead, we use examples to exhibit the formulas for
C(n, k; q) for a few pairs of parameters (n, k).
Example 4.2. Let k = 6, n = 3, r = 19. The nonzero terms of the sequences a(τ)
and a∗(τ) are
a(1) = 3, a(2) = 4, a(3) = 2,
a∗(1) = 1, a∗(2) = 2.
By (4.5),
(4.6) C(3, 6; q) =


5 if p = 2,
7 if p = 3,
8 if p = 5,
9 if p > 5.
Note that (4.6) is different from the result in [3, Theorem 3.14]. It appears that
the exceptional prime r = 19 for k = 6 was not detected in [3].
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Example 4.3. Let k = 7, n = 6, r = 43. The nonzero terms of the sequences a(τ)
and a∗(τ) are
a(0) = 9, a(1) = 14, a(2) = 12, a(3) = 1,
a∗(0) = 2, a∗(1) = 2, a∗(2) = 2.
By (4.5),
(4.7) C(6, 7; q) =


26 if p = 3,
27 if p = 5, 7,
29 if p > 7.
The prime p = 2 is not included in (4.7) since the order of 2 in Z∗43 is 14 and
gcd(nk/14, n) 6= 1. It appears that the exceptional prime r = 43 for k = 7 was not
detected in [8, Theorem 10].
Example 4.4. Let k = 20, n = 1166, r = 23321. The nonzero terms of the
sequences a(τ) and a∗(τ) are
a(0) = 1336402, a(1) = 22995, a(2) = 153, a(3) = 6,
a∗(0) = 1156, a∗(1) = 1, a∗(2) = 9.
By (4.5),
(4.8) C(1166, 20; q) =
{
24295 if p = 3,
24310 if p = 17 or p > 19.
The primes p = 2, 5, 7, 11, 13, 19 are not included in (4.8) since gcd(nk/e(p, r), n) 6=
1 for these primes p, where e(p, r) is the order of p in Z∗r .
Table 1 suggests that for every prime r = 2k+1, r ∈ Pk. Moreover, in this case,
the nonzero terms of a(τ) and a∗(τ) are
(4.9)
{
a(k/2− 1) = 1, a(k/2) = 3,
a∗(k/2− 1) = 1, a∗(k/2) = 1
if k is even,
(4.10)
{
a((k − 1)/2) = 3, a((k + 1)/2) = 1,
a∗((k − 1)/2) = 2
if k is odd.
The above are indeed correct formulas and they follow from [6, §6]. The following
is a proof using the notation of the present paper.
Let (u, v) ∈ Sk and z ∈ Zr \ {0,−1}. Write ωu = x2 and ωv = y2, where
x, y ∈ Zr \ {0,±1}. Then S(u, v) = z if and only if
x2 − 1
y2 − 1
= 1 + z−1,
i.e.,
(4.11) x2 − λy2 = 1− λ,
where λ = 1 + z−1 ∈ Zr \ {0, 1}. By [9, Theorem 6.26],
|{(x, y) ∈ Z2r : x
2 − λy2 = 1− λ}| = r − η(λ),
where η is the quadratic character of Zr. It follows that∣∣{(x, y) : x, y ∈ Zr \ {0,±1}, x2 − λy2 = 1− λ}∣∣
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= r − η(λ)− 4− (1 + η(1 − λ))− (1 + η(1− λ−1))
= r − 6− η(λ)− η(1 − λ)− η(1− λ−1).(4.12)
First assume that k is even. Then η(λ) + η(1− λ) + η(1− λ−1) = −1 or 3 since
the left side of (4.12) is ≡ 0 (mod 4). Let
bi =
∣∣{λ ∈ Zr \ {0, 1} : η(λ) + η(1 − λ) + η(1− λ−1) = i}∣∣, i = −1, 3.
Then
(4.13) b−1 + b3 = r − 2
and
(4.14) − b−1 + 3b3 =
∑
λ∈Zr\{0,1}
(
η(λ) + η(1− λ) + η(1 − λ−1)
)
= −3.
Combining (4.13) and (4.14) gives
b−1 =
3
4
(r − 1), b3 =
1
4
(r − 5).
For i = −1, 3, by (4.12),∣∣∣{z ∈ Zr \ {0,−1} : |S−1(z)| = 1
4
(r − 6− i)
}∣∣∣ = bi.
Hence
a((r − 6− i)/4 + 1) =
1
(r − 6− i)/4 + 1
bi,
i.e., a(k/2− 1) + 1) = 1 and a(k/2) = 3.
To determine a∗((r − 6− i)/4 + 1) with i = −1, 3, let
b∗i =
∣∣{λ ∈ Zr \ {0, 1} : η(λ − 1) = 1, η(λ) + η(1 − λ) + η(1− λ−1) = i}∣∣
=
∣∣{λ ∈ Zr \ {0, 1} : η(λ − 1) = 1, η(λ) = (i − 1)/2}∣∣.
In the above, let 1 − λ = x2 and λ = ǫy2, where x, y ∈ Z∗r and ǫ ∈ Z is a fixed
element such that η(ǫ) = (i− 1)/2. Then
b∗i =
1
4
|{(x, y) ∈ Z2r : x
2 6= 0, 1, x2 + ǫy2 = 1}|
=
1
4
(
r − η(−ǫ)− (1 + η(ǫ))− 2
)
(by [9, Theorem 6.26])
=
1
4
(r − 3− 2η(ǫ))
=
1
4
(r − 2− i).
Thus
a∗((r − 6− i)/4 + 1) =
1
(r − 6− i)/4 + 1
b∗i = 1,
i.e., a∗(k/2− 1) = a∗(k/2) = 1.
Next assume that k is odd. Then in (4.12), η(λ) + η(1 − λ) + η(1 − λ−1) = −3
or 1. Let
ci =
∣∣{λ ∈ Zr \ {0, 1} : η(λ) + η(1 − λ) + η(1− λ−1) = i}∣∣, i = −3, 1.
Then {
c−3 + c1 = r − 2,
−3c−3 + c1 = −3,
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which gives
c−3 =
1
4
(r + 1), c1 =
3
4
(r − 3).
We have
a((r − 6− i)/4 + 1) =
1
(r − 6− i)/4 + 1
ci,
i.e., a((k − 1)/2) = 3, a((k + 1)/2) = 1. To determine a∗((r − 6 − i)/4 + 1) with
i = −3, 1, let
c∗i =
∣∣{λ ∈ Zr \ {0, 1} : η(λ− 1) = −1, η(λ) + η(1 − λ) + η(1− λ−1) = i}∣∣.
Note that η(λ− 1) = −1 implies that η(λ) + η(1 − λ) + η(1− λ−1) = 1. Hence
c∗i =


0 if i = −3,
|{λ ∈ Zr \ {0, 1} : η(λ− 1) = −1}| =
r − 3
2
if i = 1.
Thus
a∗((r − 6− i)/4 + 1) =
1
(r − 6− i)/4 + 1
c∗i ,
i.e., a∗((k − 1)/2) = 2 and a∗((k + 1)/2) = 0.
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Table 1. Values of a(τ) and a∗(τ) for 4 ≤ k ≤ 20, r = nk + 1 ∈ Pk
The top sequence is a(τ), and the bottom one is a∗(τ), 0 ≤ τ ≤ 10; only nonzero
terms are listed
k n 0 1 2 3 4 5 6 7 8 9 10
4 –
5 2 3 1
2
6 2 1 3
1 1
6 3 3 4 2
1 2
7 4 1 6 6 3
2 2
7 6 9 14 12 1
2 2 2
8 2 1 3
1 1
8 5 4 6 12 3
2 2 1
9 2 3 1
2
9 4 3 10 3
4
9 8 15 33 10 6
8
9 12 62 60 19 3
6 4 2
9 14 96 78 19 3
8 4 2
9 30 657 219 22 2
22 8
10 3 3 1 5
1 1 1
10 4 1 9 3 3
1 1 1 1
10 6 4 12 15 3 2
2 3 1
10 7 10 15 18 6
2 1 4
10 10 31 45 18 6
5 1 4
11 2 3 1
2
11 6 1 15 15 5
2 4
11 8 13 21 27 3
2 2 4
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
11 18 169 116 36 3
10 6 2
11 32 712 279 27 6
22 10
11 36 943 314 36 3
28 6 2
11 62 3207 594 42 1
54 6 2
12 3 1 2 3 3
1 1 1
12 5 3 10 9 3
1 2 1 1
12 6 5 6 10 15
1 4 1
12 8 12 21 19 12
2 1 5
12 9 23 15 37 6
3 1 5
12 13 63 63 37 6
7 1 5
12 15 99 75 49 2
9 1 5
12 16 114 99 37 6
10 1 5
13 4 6 3 6 1
2 2
13 6 1 11 12 6 6
2 2 2
13 10 22 39 30 6 3
2 4 4
13 12 40 63 36 5
4 4 4
13 24 322 203 48 3
16 4 4
13 40 1144 396 57 3
30 8 2
13 46 1579 483 48 6
34 12
13 66 3559 743 48 6
54 12
13 100 8761 1185 48 6
88 12
13 124 13828 1488 57 3
114 8 2
13 154 21778 1878 57 3
144 8 2
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
13 210 41436 2600 63 1
200 8 2
14 2 1 3
1 1
14 3 1 5 3
1 1 1
14 5 1 12 6 3 3
1 2 1 1
14 8 7 24 15 15 3
3 3 1 1
14 9 18 14 39 7 3
4 3 1 1
14 14 67 75 42 12
7 1 6
14 15 82 87 48 6 2
8 1 6
14 17 118 114 51 3 3
12 3 1 1
14 20 187 159 42 12
13 1 6
14 24 313 197 60 6
17 1 6
14 27 424 239 60 6
20 1 6
14 35 808 351 60 6
28 1 6
14 39 1045 414 57 3 2
33 5 1
14 47 1624 519 60 6
40 1 6
14 50 1873 561 60 6
43 1 6
14 75 4648 911 60 6
68 1 6
14 78 5068 944 69 3
72 5 1
14 92 7249 1149 60 6
85 1 6
15 2 3 1
2
15 4 1 9 3 3
2 2
15 10 21 27 37 12 3
6 4
15 12 38 48 46 9 3
4 2 6
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
15 14 54 93 37 6 6
6 4 2 2
15 16 93 99 55 6 3
6 6 4
15 18 125 147 37 12 3
8 6 4
15 22 234 180 63 6 1
14 4 2 2
15 28 453 246 82 3
16 10 2
15 36 833 399 55 6 3
26 6 4
15 38 954 423 55 12
24 14
15 42 1214 483 55 12
28 14
15 50 1839 576 82 3
38 10 2
15 88 6513 1146 82 3
76 10 2
15 92 7173 1206 82 3
80 10 2
15 98 8214 1323 55 12
84 14
15 144 18662 1995 73 6
130 14
15 150 20336 2085 73 6
136 14
15 154 21492 2145 73 6
140 14
15 186 31892 2625 73 6
172 14
15 208 40230 2955 73 6
194 14
15 242 55020 3465 73 6
228 14
15 270 68940 3873 85 2
256 14
15 380 138786 5535 73 6
366 14
15 388 144810 5655 73 6
374 14
15 392 147870 5715 73 6
378 14
15 458 202980 6705 73 6
444 14
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
15 3084 9464886 46083 85 2
3070 14
16 6 1 9 3 12 11
1 1 1 3
16 7 4 6 21 12 3 3
2 3 1 1
16 12 37 44 42 21
5 6 1
16 15 79 65 69 12
7 1 7
16 16 90 90 66 7 3
10 4 1 1
16 21 193 176 60 9 3
15 4 1 1
16 22 226 177 69 12
14 1 7
16 25 325 207 87 6
17 1 7
16 27 397 239 87 6
19 1 7
16 28 436 255 87 6
20 1 7
16 36 820 383 87 6
28 1 7
16 37 877 399 87 6
29 1 7
16 40 1060 447 87 6
32 1 7
16 55 2245 687 87 6
47 1 7
16 76 4660 1023 87 6
68 1 7
16 132 15412 1919 87 6
124 1 7
16 133 15661 1935 87 6
125 1 7
17 6 5 15 15 1
4 2
17 8 7 12 21 15 9
4 2 2
17 14 48 78 60 3 6 1
6 4 2 2
17 18 118 125 66 12 3
6 8 4
17 24 268 227 66 12 3
12 8 4
ON GAUSS PERIODS 19
Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
17 26 331 267 66 6 6
16 6 2 2
17 36 790 413 84 6 3
24 8 4
17 38 904 447 84 6 3
26 8 4
17 54 2104 719 84 6 3
42 8 4
17 56 2290 753 84 6 3
44 8 4
17 60 2680 839 66 12 3
48 8 4
17 80 5155 1137 102 6
64 16
17 84 5734 1227 90 5
72 8 4
17 98 8047 1461 84 12
82 16
17 138 16807 2139 90 6 2
122 16
17 168 25480 2639 102 3
156 8 4
17 180 29455 2837 102 6
164 16
17 194 34453 3075 102 6
178 16
17 204 38263 3245 102 6
188 16
17 210 40648 3338 111 3
196 12 2
17 216 43093 3467 84 12
200 16
17 344 112603 5625 102 6
328 16
17 500 241615 8277 102 6
484 16
17 546 288949 9059 102 6
530 16
17 644 403903 10725 102 6
628 16
17 708 489343 11813 102 6
692 16
17 920 830878 15408 111 3
906 12 2
17 1046 1076452 17550 111 3
1032 12 2
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
17 1140 1280335 19157 102 6
1124 16
17 1484 2177146 24996 111 3
1470 12 2
17 1548 2370106 26084 111 3
1534 12 2
17 2054 4184113 34695 102 6
2038 16
17 2570 6561330 43452 117 1
2556 12 2
18 2 1 3
1 1
18 4 3 3 7 3
1 1 1 1
18 6 3 4 23 3 3
1 2 1 1 1
18 7 3 6 16 12 9 3
1 4 1 1
18 9 12 12 31 17 9
2 5 1 1
18 10 15 27 28 24 6
1 1 8
18 11 24 30 37 27 3
4 5 1 1
18 15 72 57 76 20
6 1 8
18 17 96 102 73 15 3
10 5 1 1
18 21 182 159 82 18
12 1 8
18 22 213 159 100 12
13 1 8
18 24 269 195 100 12
15 1 8
18 27 368 249 100 12
18 1 8
18 29 444 285 100 12
20 1 8
18 30 491 285 118 6
21 1 8
18 32 579 321 118 6
23 1 8
18 34 675 357 118 6
25 1 8
18 41 1074 483 118 6
32 1 8
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
18 42 1142 492 127 3
34 7 1
18 45 1346 555 118 6
36 1 8
18 62 2859 861 118 6
53 1 8
18 81 5234 1203 118 6
72 1 8
18 121 12594 1923 118 6
112 1 8
18 126 13743 2001 130 2
117 1 8
18 127 13974 2031 118 6
118 1 8
18 321 97398 5511 130 2
312 1 8
19 10 15 15 48 12 9 1
2 2 4 2
19 12 28 38 54 15 9
2 6 2 2
19 22 193 189 81 18 3
8 10 4
19 24 243 230 93 3 6 1
14 6 2 2
19 30 460 329 99 6 6
18 8 2 2
19 34 643 399 99 12 3
20 10 4
19 40 979 495 117 6 3
26 10 4
19 58 2392 861 99 6 6
46 8 2 2
19 78 4741 1217 117 6 3
64 10 4
19 82 5305 1293 117 6 3
68 10 4
19 84 5593 1349 99 12 3
70 10 4
19 94 7183 1539 99 12 3
80 10 4
19 100 8239 1635 117 6 3
86 10 4
19 108 9745 1805 99 12 3
94 10 4
19 118 11821 1977 117 6 3
104 10 4
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
19 120 12259 2015 117 6 3
106 10 4
19 142 17614 2409 135 6
124 18
19 204 37882 3605 117 12
186 18
19 232 49558 4137 117 12
214 18
19 234 50449 4179 123 5
220 10 4
19 240 53182 4289 117 12
222 18
19 244 55048 4347 135 6
226 18
19 258 61810 4613 135 6
240 18
19 358 121504 6531 117 12
340 18
19 360 122902 6567 123 6 2
342 18
19 402 154108 7367 117 12
384 18
19 460 203005 8457 135 3
446 10 4
19 472 213964 8679 135 6
454 18
19 492 232867 9050 144 3
476 14 2
19 750 548392 13979 117 12
732 18
19 778 590650 14493 135 6
760 18
19 810 640858 15101 135 6
792 18
19 852 709864 15899 135 6
834 18
19 1620 2593768 30491 135 6
1602 18
19 1678 2783950 31593 135 6
1660 18
19 1834 3328858 34557 135 6
1816 18
19 2112 4420564 39839 135 6
2094 18
19 2128 4488100 40143 135 6
2110 18
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
19 2532 6363064 47819 135 6
2514 18
19 2824 7921471 53358 144 3
2808 14 2
19 2892 8308864 54659 135 6
2874 18
19 2970 8764621 56132 144 3
2954 14 2
19 3352 11172364 63399 135 6
3334 18
19 3880 14980828 73431 135 6
3862 18
19 4402 19294117 83340 144 3
4386 14 2
19 4852 23449864 91899 135 6
4834 18
19 5188 26816920 98283 135 6
5170 18
19 5638 31680073 106824 144 3
5622 14 2
19 6888 47313823 130574 144 3
6872 14 2
19 7372 54206464 139779 135 6
7354 18
19 9198 84428595 174458 150 1
9182 14 2
20 2 1 3
1 1
20 3 3 1 2 3
1 1 1
20 5 1 9 9 6
1 1 1 2
20 9 4 15 39 12 9 2
2 1 3 3
20 12 25 39 51 18 11
5 1 3 3
20 14 43 63 63 18 9
7 1 3 3
20 20 136 156 90 9 9
12 6 1 1
20 21 163 167 81 30
11 1 9
20 23 217 189 99 24
13 1 9
20 26 310 231 117 18
16 1 9
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
20 27 328 284 105 6 3 3
20 5 1 1
20 30 454 309 123 12 2
20 1 9
20 32 538 351 117 18
22 1 9
20 33 583 371 117 18
23 1 9
20 35 679 411 117 18
25 1 9
20 38 820 516 90 9 9
30 6 1 1
20 41 1021 513 135 12
31 1 9
20 44 1210 591 117 18
34 1 9
20 47 1423 651 117 18
37 1 9
20 51 1741 713 135 12
41 1 9
20 53 1897 786 108 15 3
45 6 1 1
20 59 2470 846 162 3
50 8 1
20 60 2566 875 153 6
50 1 9
20 65 3091 975 153 6
55 1 9
20 66 3202 995 153 6
56 1 9
20 68 3412 1086 108 15 3
60 6 1 1
20 69 3541 1073 135 12
59 1 9
20 74 4162 1155 153 6
64 1 9
20 80 4954 1308 126 9 3
72 6 1 1
20 81 5107 1295 153 6
71 1 9
20 86 5842 1395 153 6
76 1 9
20 87 5989 1433 135 12
77 1 9
20 93 6943 1571 117 18
83 1 9
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Table 1. continued
k n 0 1 2 3 4 5 6 7 8 9 10
20 95 7291 1575 153 6
85 1 9
20 104 8902 1755 153 6
94 1 9
20 122 12610 2115 153 6
112 1 9
20 152 20230 2715 153 6
142 1 9
20 156 21382 2795 153 6
146 1 9
20 161 22867 2895 153 6
151 1 9
20 173 26629 3153 135 12
163 1 9
20 228 47590 4235 153 6
218 1 9
20 251 58141 4713 135 12
241 1 9
20 254 59602 4755 153 6
244 1 9
20 311 90667 5895 153 6
301 1 9
20 333 104395 6335 153 6
323 1 9
20 348 114310 6635 153 6
338 1 9
20 366 126802 6995 153 6
356 1 9
20 408 158470 7835 153 6
398 1 9
20 434 179842 8355 153 6
424 1 9
20 686 457042 13395 153 6
676 1 9
20 1166 1336402 22995 153 6
1156 1 9
